1/f Noise Inside a Faraday Cage
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Abstract. We show that quantum 1/f noise does not have a lower frequency limit given by the
lowest free electromagnetic field mode in a Faraday cage, even in an ideal cage. Indeed,
quantum 1/f noise comes from the infrared-divergent coupling of the field with the charges, in
their joint nonlinear system, where the charges cause the field that reacts back on the charges,
and so on. This low-frequency limitation is thus not applicable for the nonlinear system of
matter and field in interaction. Indeed, this nonlinear system is governed by Newton’s laws,
Maxwell’s equations, in general also by the diffusion equations for particles and heat, or reaction
kinetics given by quantum matrix elements. Nevertheless, all the other quantities can be
eliminated in principle, resulting in highly nonlinear integro-differential equations for the
electromagnetic field only, which no longer yield a fundamental frequency. Alternatively, we
may describe this through the presence of an infinite system of subharmonics. We show how this
was proven early in the classical and quantum domains, adding new insight.
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INTRODUCTION

We explain here the existence of quantum 1/f noise at frequencies below the lower
frequency cutoff of the electromagnetic field in the Faraday cage. One could argue
against this, based on the solution of Maxwell's equations for the free electromagnetic
field with the usual homogeneous boundary conditions applicable to electromagnetic
Helmbholtz resonators. However, both the coherent and conventional quantum 1/f
effects, which together represent the observed fundamental quantum 1/f noise, are
caused by the nonlinearity of the system of particle and field, e.g., of an electron (or
many electrons) and the electromagnetic field. The eigenstates of the free
electromagnetic field are quite different from those of the nonlinear “system of matter
and field in interaction.” Like any nonlinear system, this particle-field system also has
an infinite system of sub-harmonics, extending down to the frequency zero.

It is true that any free electromagnetic field in an ideal (lossless, perfectly
uncoupled from the external world) cavity can be expanded in terms of the cavity
modes and can have only frequencies larger than the fundamental mode, which
represents the lower cutoff of the frequency spectrum of the free field. However, a



simple example can illustrate the magnitude of the error connected with claiming that
in all cases the actual electromagnetic field, describing the system of matter in
interaction with the electromagnetic field in an ideal cavity, can only have frequencies
that are eigenfrequencies of the free-field (empty) cavity modes. Consider a cavity
with an inner diameter of the order of 1m, which would have a lowest frequency of the
order of the order of 100 MHz for the free electromagnetic field. A battery connected
to capacitor plates encompassing most of the space in the cavity, with very small
conduction between the plates, can produce an electric (and magnetic) field that
slowly dies out during a year while the battery discharges. It can be completely
enclosed, with the whole circuit, in that resonant cavity. This is a field that contains
Fourier frequencies down to 107 Hz, but it is not a free field. It proves that the
restriction to high frequencies rigorously applies only for the free field, with no
electric charges coupled in, and with no matter included.

All this may seem difficult to understand for some critics of the quantum theory of
1/f noise, because for them (1) the direct calculation that displays the nonlinearity of
the system of matter and field may not be clear, or (2) the direct connection between
nonlinearity and 1/f noise may not be clear, or (3) because the generation of sub-
harmonics in the nonlinear system, and their ability to extend the 1/f law to arbitrarily
low frequencies may not be obvious. These subjects are considered in Sec. 2 in
simple, directly accessible, classical physics language, where the system of equations
of motion and diffusion for electrons and holes in a semiconductor is solved together
with Maxwell's equations and with the heat diffusion equation by reducing it all to a
closed, third-order nonlinear equation for the components of the magnetic field at low
frequencies. A similar treatment is also referred to Sec. 2 for the case of metals. In
both cases, the infinite system of coupled nonlinear integro-differential equations
resulting for the correlation functions of any order, describing homogeneous isotropic
turbulence, is truncated. This is done by using the method introduced by Heisenberg
[1] in 1946 to construct the first dynamical theory of hydrodynamic turbulence: the
fourth-order correlation function is approximated in terms of the second order
correlation function with a quasi-normality hypothesis. For homogeneous isotropic
turbulence, this was shown by Handel to yield a universal 1/f power spectrum [2]-[6]
for the field components and for the turbulent currents. Later, after many attempts to
find zero-threshold instabilities that could feed the turbulence [7], Handel quantized
the turbulence theory [8]-[ 18], noticing that the universal 1/f noise result was in fact a
part of quantum electrodynamics (QED), allowing calculation of the noise magnitude.

Indeed, all these classical considerations have a quantum mechanical (QM)
equivalent, where the quantum theory of 1/f noise is in fact a new aspect of QM and
QED [19]-[22], and is known as quantum 1/f noise [8]-[18]. It is in essence the
quantized form of the Handel's turbulence theory of 1/f noise [2]-[6]. The coherent
quantum 1/f effect is derived elsewhere [12]-[15]. A generalization of Handel's
turbulence theories developed for semiconductors, metals, and traffic on highways,
has been obtained [12], which derives a universal sufficient criterion [12] for 1/f
spectra from arbitrary nonlinear systems. There the criterion is also successfully
applied to electrodynamics [12]. This provides the epistemological and mathematical
basis for expecting 1/f noise at low frequency for QED.



Furthermore, quantum 1/f noise is not caused or even affected by the quantum
interactions of charge carriers with the thermal radiation background or with any
photons causing induced emission and absorption processes, so it is not affected by
their energetic width. The photon modes are strongly attenuated and acquire very
large width in conducting media in a wide frequency interval, but this does not affect
the quantum 1/f noise that is shown to be caused only by the electromagnetic vacuum
state. This thermal radiation background independence of quantum 1/f noise was
rigorously derived earlier [9]-[11], by first proving the statistical independence of
spontaneous and induced radiation processes. The vacuum state does not acquire any
width. This is another way through which we can understand why the quantum 1/f
noise (a) is unaffected by the presence of a thermal radiation background, that was
proven only contribute a small white noise term, and (b) is unaffected by the presence
of a Faraday cage, a resonator, or even copper walls of infinite thickness: all these
affect just the width or lifetime of the photons, not of the vacuum.

2. NONLINEARITY OF THE SYSTEM OF MATTER AND FIELD

Maxwell's equations are linear, as long as the sources are not functions of the field.
However, in reality, the field caused by the electrons acts back on them, and modifies
their motion. This is seen directly, considering the electric current density j = nev of
the electrons in the Ampere-Maxwell equation, and the momentum density nmv as the
time integral of the force jxB per unit volume from Newton's equation. Then,

VxH = (8/0t)D+j = (0/6t)D+(e/m)][ VxH-(8/6t)D] xBdt = (e/m)|[VxH]xBdt (2.1)

The last form is for low-frequency processes, important for 1/f noise, in which the
displacement current can be neglected. Considering B = uH, this is a closed equation
for the magnetic field, that reflects Newton's equation as well as the Ampere-Maxwell
equation, and proves our point. For an electrically-charged particle, or even an
electron, quasi-elastically bound to a position of equilibrium inside an ideal cavity,
with a soft elastic constant k resulting in a very long period of oscillation (m/k)"? of
the particle and of its field inside the cavity, we obtain in the same way

VxH =~ (e/m)[[VxH]xBdt -(k/m)[[dt dt'VxH (2.2)

It is thus also described by a closed integro-differential equation for B as in Eq. (2.1),
but with a double time-integration in the term. Equations (2.1) and (2.2) are nonlinear,
and their solutions are fundamentally different from the free electromagnetic field.
The closed equations for the examples with the battery and with the capacitor are even
more complicated. The best example is found in our turbulence theory [2]-[6], where
a large system of plasma equations for electrons and holes in semiconductors is
reduced to a single closed, third-order nonlinear, equation for each of the three
magnetic field components b,. For simplicity, we consider the electron-hole plasma in
an unlimited volume of a symmetrical intrinsic semiconductor with equal mobilities
= ¢/v and concentrations n,=n,=n of the holes and electrons. Let us denote by Py,P,
the partial pressures of electrons and holes, and by P the total pressure of the current
carriers. Adding and subtracting the momentum transport equations for electrons and
holes, and neglecting the inertial terms at low frequencies, we obtain

vt = (e/2¢)v'xB - (1/2n)VP; vv- =2e[E + vxB/c] - (I/m)V(Pp - Pp), (2.3)



V:-vt=0 (n=const); V xE =-(1/c)0B/ot, V xB=4menv/c, V-B=0. (2.4)
Here v- and v are the difference and half the sum of the hole and electron drift
velocities, and v is a friction coefficient defining the conductivity o = 2¢’n/v. Fourier
integral expansion and elimination all other quantities, yields [2]-[6], with s=k/k,
du(k,t)
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which is a universal 1/f spectrum in the €=0 limit [2]-[6]. Q1/f theory determines h&e.
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