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Fractal Dimension of Quantum 1/f Noise Samples
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The fractal dimension of finite quantum 1/f noise samples is determined in a simplified model with the Takens-Grassberger-Procaccia analysis of the time-series generated by this 1/f process.


Fractals have come to be seen as a fascinating bridge between basic mathematical concepts and nature.  They allow us to express mathematically the self-similarity that is often observed in the real world.  Our goal is to understand the dynamical origin of the fractals, and to derive them as a necessary consequence of the fundamental laws of physics.  In particular, the present paper is dedicated to the most fundamental and universal fractal that shapes the basic aspects of existence in space and time, namely 1/f noise.  This ubiquitous fractal has been shown by one of us to be a general consequence of nonlinearity and dimensional homogeneity of fundamental physical laws.1


Quantum 1/f noise2-14 in a physical quantity such as the current j, the cross section, process rate or kinetic coefficient, such as the mobility, is a special case of this ubiquitous fractal, and is represented by an expression of the form5,7,12-14

j/<j> = a
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(1)

where the sum is over all electromagnetic modes labeled by their wave vector k and polarization  with k = |k|.  Equation (1) is deterministic, and the particle-specific random initial phases k are present in each term as initial conditions, like the initial phases describing a turbulent fluid are present in each Fourier component of the perfectly deterministic velocity field.  The difference between the mentioned classical chaos (turbulence) case and the quantum 1/f chaos we are introducing here becomes evident when we recall that J is in fact a probability current density!  Can we calculate a spectral density of the fluctuations j of this probability current and claim that it represents the expectation value of the spectral density of the observed quantum 1/f fluctuations?  Our rigorous derivation in second quantization7,12-14 tells us we can, provided we divide the single-particle result by N in the case of bosons and N-1 for fermions.  Here N is the number of scattered particles used to define what we call scattered current j or scattering cross section .  Encouraged by this result, we have undertaken an effort to determine the fractal dimension of a quantum 1/f noise sample given by Eq. (1) and restricted to an observed frequency interval from cko = = 2foto = 2F.  Here = 2/T is determined by the duration T of the 1/f nose sample, or measurement.  Our objective is to determine the fractal dimension of quantum 1/f noise and to compare it with measurements of the fractal dimension of physical 1/f noise in HgCdTe MWIR photodiodes.15  Calculating the spectral density, replacing the summation in Eq. (1) by an integral, and going back to the original fluctuations, we obtain an equivalent representation of the fluctuations as5,7,12-14


j/<j>= 2(A)1/2
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(2)

where = 1/137 is Sommerfeld's fine structure constant, and A = (2/3)(v/c)2 is the Bremsstrahlung coefficient, or infrared exponent, of the process which generates the current j, v being the velocity change of the charged particles in the process.  Repeating the fluctuations periodically outside the observational interval T, we can represent Eq. (2) through an equivalent model Fourier series as


j/<j> = 2A 
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(3)

which is similar to Eq. (1), with the terms of the same frequency grouped together, and the terms lumped together in harmonics with random phases n, with M = /.  To this expression we have applied the Takens-Grassberger-Procaccia analysis16,17 by creating a time series xi = x(ti) with 1 < I < N.  We consider this series as a one-dimensional sample of the quantum 1/f process.  We calculate the correlation function C1(M)(r) which is N-2 times the number of data pairs (xi,xj) separated by a distance less than r.  Next, we form groups of d consecutive data (xi,xi+1,...xi+d-1).  Considering them as vectors in a d-dimensional Euclidean space, we again calculate


Cd(M)(r) = N-2
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(4)

where (x) is the step function (zero for negative, 1 for positive, and 1/2 for null arguments).  Finally, we plot the curves log10Cd(M)(r) as a function of r, with d = 0, 1, 2,... as a parameter.  We notice (Fig. 1 for M = 1 and Fig. 2 for M = 2 and 3, where for M = 2 the numbers d = 1,2,3,4 have been replaced by a,b,c,d) that the slope of the curves is just d, and increases as d is increased from curve to curve up to M, the number of terms in Eq. (3).  We have graphed the case M = 1 (a single term in Eq. (3) in Fig 1 and M = 2 and 3 in Fig. 2.  After d = M, the slope no longer increases.  This maximal slope gives the fractal dimension of the quantum 1/f process with M terms.  Our conclusion at this point is that quantum 1/f noise in a frequency interval corresponding to M terms in Eq. (4) is chaotic with a fractal dimension M.  Had it been stochastic rather than chaotic, the slope of the curves would have kept increasing indefinitely.


Experimentally, Fote, Kohn, Fletcher and McDonough17 found a fractal dimension of dM =  10 for 1/f noise measured in HgCdTe MW infrared detectors in the interval from fo = 10-2 Hz to F = 10 Hz.  Noticing that F/fo = 103 = 210, we expect M = 10, which yields also dM = 10.  This nice agreement between theory and experiment indicates that the measured 1/f noise is a form of (deterministic) chaos, whereas the other models which competed with the quantum 1/f theory incorrectly described it as a stochastic phenomenon.  Furthermore, this agreement represents an independent verification of the quantum 1/f theory, independent from tests based on the predicted magnitude and spectral dependence of 1/f noise.
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